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126 SOLUTIONS OP PROBLEMS. 

GEOMETRY. 

An excellent solution of 485 by Analytical Geometry was received from 0. S. 
Adams after selections for publication were made. 

493. Proposed by Florence p. lewis, Goucher College, Baltimore, Md. 

Construct three circles each of which shall be tangent to the other two and to two sides of a 
given triangle. 

Solution by C. F. Gummer, Queen's University, Kingston, Ont. 

If we impose the following conditions: (i) each circle is to touch a different pair of sides; 
(ii) the circles must be real; (iii) no two circles may coincide; we can get 68 solutions. 

With the extra condition (iv) all points of contact must be distinct, we get only 32 solutions. 
We shall obtain formulae for these 32 cases, as being the most interesting. 
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Figure for Equation 6. Figure for Equation 7. 

Let ABC be the triangle, I, D, E, F the center and points of contact of the in-circle, 
7i, Di, ■ • • those of the ex-circles, r, n, r 2 , t°s the radii of these circles. 

The above conditions show that the required circles must touch externally. Consider any 
three circles touching externally. If we draw a common tangent to each pair, observing (iv), we 
get one of eight possible triangles, and in every case the centers of the circles lie on three con- 
current bisectors of the angles. Hence, our solutions will appear in four groups according as we 
place the centers on the set of bisectors meeting in I, I lt 1%, or 73. 

Take the case where the centers are to lie on AI, BI, CI. Let the radii of the required circles 
be xr, yr, zr, positive in the direction of r. The conditions that the cricles touch one another 
externally are (since a/r = cot B/2 + cot C/2) 

(1) y cot B/2 + z cot C/2 ± 24y~z = cot B/2 + cot C/2, 

(2) z cot C/2 + x cot A/2 ± 2 Vix = cot C/2 + cot A/2, 
and 

(3) x cot A/2 + y cot B/2 ± 2-\SS = cot A/2 + cot B/2, 

from which Vx, 4y, V« may be found. Since by reversing two of the ambiguities we only change 
the sign of the square root of one of the unknowns, they furnish not eight but two cases as re- 
gards x, y, and z, according as an odd or even number of them are minus signs. We may there- 
fore take them all plus or all minus. To solve the equations, eliminate the constant terms 
between (1) and (2), and also between (1) and (3), obtaining 

(4) ( Vx cos A/2 ± "slz sin A/2) 2 = {4y cos B/2 ± \z sin B/2)* 
and 

(5) ( V* cos A/2 ± ^Jy sin A/2)* = (-\G cos C/2 ± 4y sin C/2) 2 , 
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which give the ratios of x, y, and z for the 8 cases corresponding to the set of internal bisectors. 
If we take the positive square roots in (4) and (5), we find, using the plus signs, 

(6) x : y : z = (1 + w)~ 2 : (1 + v)~ 2 : (1 + m>)~ 2 
and, using the minus signs, 

(7) x:y:z = w 2 (l + w)" 2 : v\l + v)~" : w 2 (l + w)" 2 
where 

u = tan A/4, v = tan B/4, w = tan C/4; 
and hence 

(8) 1 — 2w — 2uv + uvw = 0. 

By (1), the actual values of x, y, and z are ., _, . — , etc., in the case of (6) and ,, — r-*- , 

€tc, in the case of (7). From these two solutions we can get, not only the 8, but all the 32, by 
replacing A, B, C by A + lw, B + mir, C + tit, where I + m + n is a multiple of 4, since these 
angles apply equally well to the triangle, and they leave the relation (8) unaltered. 

To get a practical construction, let us denote by pi, p n , pu, pis', pi, p%\, pzz, ph, • ■ •, the in- 
and ex-radii of AFI, BDI, CEI. Then 

1 +m 1 +u 

pu = ~y~ r > pn = ~%r r> etc - 

Hence in the case of (6), the radii of the required circles are the three fourth proportionals to 
pn, P21, P3i in different orders; and in the case of (7) the fourth proportionals to pn, pn, pzi- 
The remainder of the set of 8 cases may be solved by using other combinations of the p's, while 
all the 32 cases may be similarly treated by means of the triangles AFJi, etc. 

495. Proposed by N. P. PANDTA, Sojitra, India. 

A point P moves so that the quadrilateral PBCD is half of a given quadrilateral ABCD. 
Find the locus of P. 

Solution by J. W. Baldwin, University of Michigan. 

In general the triangles ABD and BCD will not be equal. Let ABD be the larger of the 
two. Then we are to have triangle BCD + triangle PBD equal to half of the 
given quadrilateral ABCD for all positions of P. That is, the triangle PBD 
must have a constant area; and having a fixed base BD must have a constant 
altitude, the distance from P to BD or BD produced. Hence the locus of 
P is a line parallel to BD. In case triangle ABD = triangle BCD the locus of 
P is the line of which BD is a segment and two sides PB and PD of the quad- 
rilateral PBCD fall in this line. 

Also solved by W. J. Thome, G. W. Hartwell, William Hoover, S. W. 
Reaves, W. R. Ransom, J. W. Clawson, and the Proposer, some solvers 
using analytic methods and one using trilinear, perpendicular coordinates. 

CALCULUS. 
407. Proposed by PAUL CAPBON, Annapolis, Maryland. 

A coffee pot in the form of a conical frustum, 10 inches high, with a lower base 8 inches in 
diameter and an upper base 6 inches in diameter, is held on a slant so that the lower base is barely 
covered by the coffee within, and the upper base is barely uncovered. How much coffee does the 
pot contain? 

III. Solution by William W. Johnson, Cleveland, Ohio. 

The quantity of coffee in the pot is equal to the volume of the conical ungula C-APBQ 
formed by tipping the conical frustum on a slant, according to the conditions of the problem. 
In the figure let AL = R, DF = r, FL = h, GO = x, FO = y. Then, 




